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Chemical reaction systems

• State: a pool of indistinguishable
particles (of different types)

• Transition: e.g. A`BÑ C
(i) select at random a type A and a

type B particle; remove these
(ii) add a particle of type C

• Dynamics: transitions occur at ran-
dom with probability proportional to

number of possibilities that the in-
put pattern may be found in a state

ñ highly intricate stochastic dynamics!

MULTI-TYPE CASE
HW part

example for a reaction:

A + B Ñ C

• multi-type Heisenberg-Weyl algebra:

[ai, a
:
j] = δij

• multi-type bosonic Fock space:

|n⃗y ” |n1, n2, . . . y (
ÿ

i

ni ă 8 , ni P Zě0)

• action of the annihilators ai and the creators a:
j :

ai|n⃗y := ni|n⃗ ´ δ⃗iy , a:
i |n⃗y := |n⃗ + δ⃗iy

• interpretation: the individual types (visualized as colors)
are acted upon independently from one another



Historical overview (rough sketch)

1940 1990198019701960 2000 2010 20201950

master equation 
Delbrück  

1940

this conference: 
Baez, Fong, 
Spivak, ...

orthogonal 
polynomials 

McQuarrie et al. 
1960s



Historical overview (rough sketch)

1940 1990198019701960 2000 2010 20201950

stochastic simulation 
algorithm (SSA) 

Gillespie 
1977

master equation 
Delbrück  

1940

this conference: 
Baez, Fong, 
Spivak, ...

orthogonal 
polynomials 

McQuarrie et al. 
1960s



Modern systems biology: pathways

was upstream of the Period and Cryptochrome genes, whose gene products then
repressed CLOCK:BMAL1 to form an autoregulatory transcriptional feedback loop
(Lowrey and Takahashi 2000). Since the identification of these “core circadian
clock genes” (i.e., Clock, Bmal1, Per1, Per2, Cry1 and Cry2), additional feedback
loops driven by CLOCK:BMAL1, such as the loop involving Rev-erbα to repress
Bmal1 transcription, have been described (Preitner et al. 2002). In addition, the
regulation of the stability of the PER and CRY proteins by specific E3 ubiquitin
ligase complexes has been found to be important for determining the periodicity of
the circadian oscillation (Busino et al. 2007; Gallego and Virshup 2007; Siepka
et al. 2007; Meng et al. 2008; Yoo et al. 2013). Together, this work has led to a
description of a model of the circadian clock in mammals (Fig. 1).

With the discovery and cloning of clock genes came the realization that their
expression was ubiquitous (Lowrey and Takahashi 2004). We now accept that
clock genes are housekeeping genes and are expressed in essentially all cells.
What was perhaps even more surprising was the observation made using circadian
gene reporter technology that essentially every peripheral organ system and tissue
has the capacity to express autonomous circadian rhythms (Yoo et al. 2004). Thus
the ubiquitous expression of clock genes is a reflection of the ubiquitous capacity of
most tissues and cells to express circadian oscillations. These distributed circadian
oscillators are cell autonomous and can function independently of the central clock

Fig. 1 Model of the circadian clock in mammals. CLOCK and BMAL1 act as master transcription
factors to regulate: (1) the Per and Cry genes in the core feedback loop of the clock; (2) the
REV-ERB/ROR feedback loop regulating Bmal1 transcription; and (3) thousands of target genes
that are clock outputs. The stability of the PER and CRY proteins is tightly regulated by E3
ubiquitin ligases in both the cytoplasm and nucleus that determine circadian period (Adapted from
Mohawk et al. 2012 and Yoo et al. 2013)

14 J.S. Takahashi

Model of the circadian clock in mammals. (source: r1s)

[1] “A Time for Metabolism and Hormones”. In: Research and Perspectives in Endocrine Interactions (2016)

http://dx.doi.org/10.1007/978-3-319-27069-2
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The basic setup for compositional rewriting

Adhesive and extensive categories (cf. r2s, Def. 3.1 ff)

A category C is said to be adhesive if

(i) C has pushouts along monomorphisms,

(ii) C has pullbacks, and if

(iii) pushouts along monomorphisms are van Kampen (VK) squares.

If C in addition possesses a strict initial object ∅ P obpCq, i.e. an object s.th.

@X P obpCq : D!iX : ∅ ãÑ X and all X Ñ ∅ are isos, the category is said to

be extensive. It is called finitary r3s if every object X has only finitely many

subobjects (up to iso).

• Examples for finitary adhesive extensive categories r3s:
• FinSet, the category of (finite) sets and set functions
• FinGraph, the category of (finite) directed multigraphs and graph homomor-

phisms (and also colored/typed graphs, attributed graphs, hypergraphs,. . . )
• different variants of categories of finite typed or attributed graphs (Kappa!)

[2] Stephen Lack and Paweł Sobociński. “Adhesive and quasiadhesive categories”. In: RAIRO-Theoretical Informatics and Applications 39.3 (2005),
pp. 511–545

[3] Karsten Gabriel et al. “Finitary M -adhesive categories”. In: Mathematical Structures in Computer Science 24.04 (June 2014)

http://dx.doi.org/10.1017/S0960129512000321
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Double-Pushout (DPO), DPO: and Sesqui-Pushout (SqPO) rewriting

LinpCq :“
!

O oÐÝ K iÝÑ I
ˇ̌
ˇo, i PmonopCq

)
ä–

A rule application of a rule r P LinpCq to an object X along a T-admissible match m
(resp. m˚ for DPO:) is defined via the following type of commutative diagram (referred

to as a direct derivation in the literature):

O I

rm(X) X

m∗ m

r

T :“
O K I

rm(X) K X

m∗

o i

(B) (A) m

The precise details and T-type admissibility are defined via

Type T nature of pBq nature of pAq
DPO PO POC
DPO: POC PO
SqPO PO FPC

where POC indicates that these POCs must be constructible for admissible matches.



Key operation: rule compositions r4s, r5s

Set of T-type admissible matches of r2 into r1 for T P tDPO,SqPOu:
MT

r2
pr1q :“  

µ21 “ pI2 ÐM21 Ñ O2q
ˇ̌
n1,n2 in POpµ21q “ pI2

n2ÝÑ N21
n1ÐÝ O1q

satisfy n2 PMT
r2
pN21q ^ n1 PMDPO:

r1
pN21q

(
.

For a T-type admissible match µ21 “ pI2 ÐM21 Ñ O2q PMT
r2
pr1q, construct

O2 I2 M21 O1 I1

O21 N21 I21

r2

n2T PO n1 DPO†

r1

.

From this diagram, one may compute (via pullback composition ˝ of the two

composable spans in the bottom row) a span of monomorphisms

pO21 ð I21q P LinpCq, which we define to be the T-type composition of r2 with r1

along µ21 (for T P tDPO,SqPOu as in (9)):

r2
µ21ŸTr1 :“ pO21 ð I21q “ pO21 ð N21q ˝ pN21 ð I21q .

[4] Nicolas Behr and Pawel Sobocinski. “Rule Algebras for Adhesive Categories”. In: 27th EACSL Annual Conference on Computer Science Logic
(CSL 2018). Ed. by Dan Ghica and Achim Jung. Vol. 119. Leibniz International Proceedings in Informatics (LIPIcs). Dagstuhl, Germany: Schloss
Dagstuhl–Leibniz-Zentrum fuer Informatik, Sept. 2018, 11:1–11:21

[5] Nicolas Behr. “Sesqui-Pushout Rewriting: Concurrency, Associativity and Rule Algebra Framework”. In: arXiv preprint 1904.08357 (2019)

https://arxiv.org/abs/1904.08357
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6 Tracelets and Tracelet Analysis

On In O2 I2 O1 I1

On···1 Y
(n)
n,n≠1 · · · Y

(n)
3,2 Y

(n)
2,1 In···1

rn r2 r1

‚=

M1

M

PO

2

3

PO

PO

PO

1

2

1

2 PO

3

(a) Tracelets as (minimal) derivation traces.

M1

M

PO

2

3

PO

PO

PO

1

2

1

2 PO

3

(b) Tracelet generation (Definition 2.1).
M1

M

PO

2

3

PO

PO

PO

1

2

1

2 PO

3

(c) Tracelet composition (Definition 2.2).

M1

M

PO

2

3

PO

PO

PO

1

2

1

2 PO

3

(d) Tracelet analysis (Section 3).

Figure 2 Schematic overview of the tracelet and tracelet analysis framework.

C possesses a strict initial object ? œ obj(C) [47] (i.e. an object such that for every
X œ obj(C), there exists a unique monomorphism ? æ X, and for every Y œ obj(C), if
there exists a morphism Z æ ?, then it is an isomorphism).
C is finitary, i.e. for every object X œ obj(C), there exist only finitely many monomor-
phisms Z æ X into X (and thus only finitely many subobjects of X).

Although especially in the DPO-type rewriting case more general settings would be
admissible while retaining compositionality of the rewriting (see [18] for further details), the
present choice covers many cases of interest, is a su�cient setting also for compositional Sesqui-
Pushout (SqPO) rewriting, and overall strikes a good balance of generality vs. simplicity.
Categories satisfying Assumption 1 have a number of properties that are of particular
importance in view of compositionality of rewriting rules (cf. Appendix A.1). A prototypical
example of a category satisfying all of the assumptions above is the finitary restriction
FinGraph of the category of directed multigraphs Graph [24].

We collect in Appendix A the necessary background material on compositional DPO- and
SqPO-type rewriting for rules with conditions, and will freely employ the standard notations
therein. The interested readers are referred to [17, 19, 16, 18] for further technical details and
explanations. Note that while we will present definitions in the following covering the case of
rules with conditions, the framework of conditions does not constitute the main focus of the
present work, even though it will likely be of considerable interest in practical applications.
We will thus predominantly defer technical details pertaining to conditions to the appendix,
and invite the readers to possibly ignore the structures pertaining to conditions in a first
reading in the interest of clarity.

A “generative” definition of tracelets as sketched in Figure 2b is then provided as follows.

I Definition 2.1 (Tracelets). Let T œ {DPO,SqPO} be the type of rewriting, and let Lin(C)
denote the set of linear rules with conditions over C (cf. Definition A.9).
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O21 O2
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O21 M3(21)
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I3 Q
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Tracelet generation



Tracelets – “generative” definition r9s

Let T P tDPO,SqPOu be the type of rewriting, and let LinpCq denote the set of linear

rules with conditions over C.

Tracelets of length 1: the set T T
1 of type T tracelets TpRq of length 1 is defined as

T T
1 :“

$
’&
’%

TpRq “
O I cI

O I cI

r

T

ˇ̌
ˇ̌
ˇ̌
ˇ
R“ pr,cIq P LinpCq

,
/.
/-

.
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Tracelets – “generative” definition r9s

Tracelets of length n`1: given tracelets Tn`1 PT T
1 of length 1 and Tn¨¨¨1 PT T

n of

length n (for ně 1), we define a span of monomorphisms µ “ pIn`1 Ðâ M ãÑ On¨¨¨1q
as T-admissible, denoted µ PMTT

T1
pTn¨¨¨1q, if the following diagram is constructible:

On+1 In+1 cIn+1 On In cIn
O1 I1 cI1

On+1 In+1 M On···1 Y
(n)

n,n−1 · · · Y
(n)

2,1 In···1 cIn···1

O(n+1)···1 Y
(n+1)

n+1,n Y
(n+1)

n,n−1 · · · Y
(n+1)

2,1 I(n+1)···1 cI(n+1)···1

rn+1 rn r1

T T T

T PO DPO† DPO†

Constructibility may fail due to non-existence of the requisite pushout complements, or

because the tentative composite condition cIpn`1q¨¨¨1 might evaluate to false, with

cIpn`1q¨¨¨ :“ ShiftpIn¨¨¨1 ãÑ Ipn`1q¨¨¨1,cIn¨¨¨1q
ľ

TranspYpn`1q
n`1,n ð Ipn`1q¨¨¨1,ShiftpIn`1 ãÑ Ypn`1q

n`1,n ,cIn`1qq .
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If µ PMTT
T1
pTn¨¨¨1q, we define a tracelet Tn`1

µ=TTn¨¨¨1 of length n`1 as

Tn`1
µ=TTn¨¨¨1 :“

On+1 In+1 cIn+1 On In cIn O1 I1 cI1

O(n+1)···1 Y
(n+1)

n+1,n Y
(n+1)

n,n−1 · · · Y
(n+1)

2,1 I(n+1)···1 cI(n+1)···1

rn+1 rn r1

T T T

We define the set T T
n`1 of type T tracelets of length n`1 as

T T
n`1 :“ tTn`1

µ=TTn¨¨¨1|Tn`1 PT T
1 , Tn¨¨¨1 PT T

n , µ PMTT
T1
pTn¨¨¨1q

)
.
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length n (for ně 1), we define a span of monomorphisms µ “ pIn`1 Ðâ M ãÑ On¨¨¨1q
as T-admissible, denoted µ PMTT

T1
pTn¨¨¨1q, if the following diagram is constructible:

On+1 In+1 cIn+1 On In cIn
O1 I1 cI1

On+1 In+1 M On···1 Y
(n)

n,n−1 · · · Y
(n)

2,1 In···1 cIn···1

O(n+1)···1 Y
(n+1)

n+1,n Y
(n+1)

n,n−1 · · · Y
(n+1)

2,1 I(n+1)···1 cI(n+1)···1

rn+1 rn r1

T T T

T PO DPO† DPO†

For later convenience, we introduce the tracelet evaluation operation rr.ss,
rr.ss : T T Ñ LinpCq : T T

n Q T ÞÑ rrTss :“ ppOn¨¨¨1 à In¨¨¨1q,cIn¨¨¨1q ,
with T T :“Ť

ně1 T T
n , and where pOn¨¨¨1 à In¨¨¨1q denotes the span composition

pOn¨¨¨1 à In¨¨¨1q :“ pOn¨¨¨1 ð Ypnqn,n´1q ˝ ¨ ¨ ¨ ˝ pYpnq2,1 ð In¨¨¨1q .
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For later convenience, we introduce the tracelet evaluation operation rr.ss,
rr.ss : T T Ñ LinpCq : T T

n Q T fiÑ rrTss :“ ppOn¨¨¨1 à In¨¨¨1q,cIn¨¨¨1 q ,

with T T :“ î
n•1 T T

n , and where pOn¨¨¨1 à In¨¨¨1q denotes the span composition

pOn¨¨¨1 à In¨¨¨1q :“ pOn¨¨¨1  Ypnq
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Tracelet composition r9s

For tracelets T 1,T PT T of lengths m and n, respectively, a span of monomorphisms

µ “ pI1m¨¨¨1 Ðâ M ãÑ On¨¨¨1q is defined to be an admissible match of T into T 1,
denoted µ PMTT

T1pTq, if (i) all requisite pushout complements exist to form the type

DPO: derivations (in the sense of rules without conditions) to construct the diagram

below, where p :“ m`n`1,

O′m I ′m cI′m O′1 I ′1 cI′1
On In cIn

O1 I1 cI1

O′m···1 Y
(m)

m,m−1 · · · Y
(m)

2,1 I ′m···1

cI′m···1

M

On···1 Y
(n)

n,n−1 · · · Y
(n)

2,1 In···1 cIn···1

Op···1 Y
(p)

p,p−1 · · · Y
(p)

n+2,n+1 Y
(p)

n+1,n Y
(p)

n,n−1 · · · Y
(p)

2,1 Ip···1 cIp···1

r′m r′1 rn r1

T T T T

T T
PO

DPO† DPO†

and if (ii) the condition cIpm`n`1q¨¨¨1 below does not evaluate to false:

cIpm`n`1q¨¨¨ :“ ShiftpIn¨¨¨1 ãÑ Ipm`n`1q¨¨¨1,cIn¨¨¨1q
ľ

TranspYpm`n`1q
n`1,n ð Ipm`n`1q¨¨¨1,ShiftpIm¨¨¨1 ãÑ Ypn`1q

n`1,n ,cIm¨¨¨1qq .
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DPO† DPO†

Then for µ PMTT
T1pTq, we define the type T tracelet composition of T 1 with T

along µ as

T 1µ=TT :“
O′m I ′m cI′m O1 I1 cI1

Op···1 Y
(p)

p,p−1 · · · Y
(p)

2,1 Ip···1 cIp···1

r′m r1

T T .
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Theorem: properties of the tracelet composition operation r9s

Let ..ŸT. denote the T-type rule composition, and let the set of T-admissible matches

be denoted by MT
r2
pr1q (for r2,r1 P LinpCq).

(i) For all T 1,T PT T, MTT
T1pTq “MT

rrT1ssprrTssq.
(ii) For all T 1,T PT T and µ PMTT

T1pTq,
““

T 1µ=TT
‰‰“ rrT 1ssµŸTrrTss.

(iii) The T-type tracelet composition is associative, i.e. for any three tracelets

T1,T2,T3 PT T, there exists a bijection ϕ : S3p21q
–ÝÑ Sp32q1 between the sets

pairs of T-admissible matches of tracelets (with Tji :“ Tj
µji=TTi and using

property (i))

S3p21q :“ tpµ21,µ3p21qq|µ21 PMT
rrT2ssprrT1ssq , µ3p21q PMT

rrT3ssprrT21ssq
Sp32q1 :“ tpµ32,µp32q1q|µ32 PMT

rrT3ssprrT2ssq , µp32q1 PMT
rrT32ssprrT1ssqu

such that for all pµ 132,µ
1
p32q1q “ ϕppµ21,µ3p21qqq

T3
µ3p21q=T pT2

µ21=TT1q –
´

T3
µ 132=TT2

¯
µ 1p32q1=TT1 .

Moreover, the bijection ϕ coincides with the corresponding bijection provided in

the associativity theorem for T-type rule compositions.
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Tracelet characterization theorem r9s

For all type-T tracelets T PT T
n of length n, for all objects X0 of C, and for all

monomorphisms pm : In¨¨¨1 ãÑ X0q such that m PMT
rrTsspX0q, there exists a type-T

direct derivation D“ TmpX0q obtained via vertically composing the squares in each

column of the diagram below:

On In cIn
O1 I1 cI1

On···1 Y
(n)

n,n−1 · · · Y
(n)

2,1 In···1 cIn···1

Xn Xn−1 · · · X1 X0

rn r1

T T

T T

ú
On In cIn

O1 I1 cI1

Xn Xn−1 · · · X1 X0

rn r1

T T

Conversely, every T-direct derivation D of length n along rules Rj “ prj,cIjq P LinpCq
starting at an object X0 of C may be cast into the form D“ TmpX0q for some tracelet T
of length n and a T-admissible match m PMT

rrTsspX0q that are uniquely determined

from D (up to isomorphisms).
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Convenient shorthand notation: subtracelets

T ” tn| . . . |t1 “
On In cIn O1 I1 cI1

On···1 Y
(n)
n,n≠1 · · · Y

(n)
2,1 In···1 cIn···1

rn r1

T T

For a tracelet T P T T
n of length n • 1, let symbols tj for 1 § j § n denote j-th

subtracelets of T , so that T ” tn|tn´1| . . . |t1 is a concatenation of its subtracelets, with

tj :“
Oj Ij cIj

Y
(n)
j+1,j Y

(n)
j,j≠1

rj

T , Ypnq
n`1,n :“ On¨¨¨1 , Ypnq

1,0 :“ In¨¨¨1 .
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Corollary: tracelet surgery

Let T P T T
n a T-type tracelet of length n, so that T ” tn| . . . |t1. Then for any

consecutive subtracelets tj|tj´1 in T , one may uniquely (up to isomorphisms) construct

a diagram tpj|j´1q and a tracelet Tpj|j´1q of length 2 as follows:

Oj Ij

cIj

Oj≠1 Ij≠1

cIj≠1

Y
(n)
j+1,j Y

(n)
j,j≠1 Y

(n)
j≠1,j≠2

rj rj≠1

T T
ù

Oj Ij

cIj M

Oj≠1 Ij≠1

cIj≠1

Oj|j≠1 Y
(2)
j,j≠1 Ij|j≠1 cIj|j≠1

Y
(n)
j+1,j Y

(n)
j,j≠1 Y

(n)
j≠1,j≠2

rj rj≠1

PO
T DPO†

T T

tpj|j´1q :“
Oj|j≠1 Ij|j≠1 cIj|j≠1

Y
(n)
j+1,j Y

(n)
j≠1,j≠2

T , Tpj|j´1q :“ Tprj,cIj qµ=TTprj´1,cIj´1 q

Here, µ “ pIj –â M ãÑ Oj´1q is the span of monomorphisms obtained by taking the

pullback of the cospan pIj ãÑ Ypnq
j,j´1 –â Oj´1q, and this µ is always a T-admissible

match. By associativity of the tracelet composition, this extends to consecutive

sequences tj| . . . |tj´k of subtracelets in T inducing diagrams tpj|...|j´kq and tracelets of

length 1 Tpj|...|j´kq, where for k “ 0, tpjq “ tj and Tpjq “ Tprj,cIj q.



Corollary: tracelet surgery

Let T P T T
n a T-type tracelet of length n, so that T ” tn| . . . |t1. Then for any

consecutive subtracelets tj|tj´1 in T , one may uniquely (up to isomorphisms) construct

a diagram tpj|j´1q and a tracelet Tpj|j´1q of length 2 as follows:

Oj Ij

cIj

Oj≠1 Ij≠1

cIj≠1

Y
(n)
j+1,j Y

(n)
j,j≠1 Y

(n)
j≠1,j≠2

rj rj≠1

T T
ù

Oj Ij

cIj M

Oj≠1 Ij≠1

cIj≠1

Oj|j≠1 Y
(2)
j,j≠1 Ij|j≠1 cIj|j≠1

Y
(n)
j+1,j Y

(n)
j,j≠1 Y

(n)
j≠1,j≠2

rj rj≠1

PO
T DPO†

T T

tpj|j´1q :“
Oj|j≠1 Ij|j≠1 cIj|j≠1

Y
(n)
j+1,j Y

(n)
j≠1,j≠2

T , Tpj|j´1q :“ Tprj,cIj qµ=TTprj´1,cIj´1 q

Here, µ “ pIj –â M ãÑ Oj´1q is the span of monomorphisms obtained by taking the

pullback of the cospan pIj ãÑ Ypnq
j,j´1 –â Oj´1q, and this µ is always a T-admissible

match. By associativity of the tracelet composition, this extends to consecutive

sequences tj| . . . |tj´k of subtracelets in T inducing diagrams tpj|...|j´kq and tracelets of

length 1 Tpj|...|j´kq, where for k “ 0, tpjq “ tj and Tpjq “ Tprj,cIj q.



Corollary: tracelet surgery

Let T P T T
n a T-type tracelet of length n, so that T ” tn| . . . |t1. Then for any

consecutive subtracelets tj|tj´1 in T , one may uniquely (up to isomorphisms) construct

a diagram tpj|j´1q and a tracelet Tpj|j´1q of length 2 as follows:

Oj Ij

cIj

Oj≠1 Ij≠1

cIj≠1

Y
(n)
j+1,j Y

(n)
j,j≠1 Y

(n)
j≠1,j≠2

rj rj≠1

T T
ù

Oj Ij

cIj M

Oj≠1 Ij≠1

cIj≠1

Oj|j≠1 Y
(2)
j,j≠1 Ij|j≠1 cIj|j≠1

Y
(n)
j+1,j Y

(n)
j,j≠1 Y

(n)
j≠1,j≠2

rj rj≠1

PO
T DPO†

T T

tpj|j´1q :“
Oj|j≠1 Ij|j≠1 cIj|j≠1

Y
(n)
j+1,j Y

(n)
j≠1,j≠2

T , Tpj|j´1q :“ Tprj,cIj qµ=TTprj´1,cIj´1 q

Here, µ “ pIj –â M ãÑ Oj´1q is the span of monomorphisms obtained by taking the

pullback of the cospan pIj ãÑ Ypnq
j,j´1 –â Oj´1q, and this µ is always a T-admissible

match. By associativity of the tracelet composition, this extends to consecutive

sequences tj| . . . |tj´k of subtracelets in T inducing diagrams tpj|...|j´kq and tracelets of

length 1 Tpj|...|j´kq, where for k “ 0, tpjq “ tj and Tpjq “ Tprj,cIj q.



Corollary: tracelet surgery

Let T P T T
n a T-type tracelet of length n, so that T ” tn| . . . |t1. Then for any

consecutive subtracelets tj|tj´1 in T , one may uniquely (up to isomorphisms) construct

a diagram tpj|j´1q and a tracelet Tpj|j´1q of length 2 as follows:

Oj Ij

cIj

Oj≠1 Ij≠1

cIj≠1

Y
(n)
j+1,j Y

(n)
j,j≠1 Y

(n)
j≠1,j≠2

rj rj≠1

T T
ù

Oj Ij

cIj M

Oj≠1 Ij≠1

cIj≠1

Oj|j≠1 Y
(2)
j,j≠1 Ij|j≠1 cIj|j≠1

Y
(n)
j+1,j Y

(n)
j,j≠1 Y

(n)
j≠1,j≠2

rj rj≠1

PO
T DPO†

T T

tpj|j´1q :“
Oj|j≠1 Ij|j≠1 cIj|j≠1

Y
(n)
j+1,j Y

(n)
j≠1,j≠2

T , Tpj|j´1q :“ Tprj,cIj qµ=TTprj´1,cIj´1 q

Here, µ “ pIj –â M ãÑ Oj´1q is the span of monomorphisms obtained by taking the

pullback of the cospan pIj ãÑ Ypnq
j,j´1 –â Oj´1q, and this µ is always a T-admissible

match. By associativity of the tracelet composition, this extends to consecutive

sequences tj| . . . |tj´k of subtracelets in T inducing diagrams tpj|...|j´kq and tracelets of

length 1 Tpj|...|j´kq, where for k “ 0, tpjq “ tj and Tpjq “ Tprj,cIj q.



Tracelet abstraction equivalence

Two tracelets T,T 1 PT T
n of the same length ně 1 are defined to be abstraction

equivalent, denoted T ”A T 1, if there exist suitable isomorphisms on the objects in T
in order to transform T into T 1 (with transformations on morphisms induced by object

isomorphisms).



Tracelet shift equivalence

Let T,T 1 PT T
n be two tracelets of the same length ně 1. If there exist subtracelets

tj| . . . |tj´k and t1j | . . . |t1j´k such that

(i) the subtracelets have the same rule content (up to isomorphisms), i.e. there exists

a permutation σ P Sk such that rrTppqss – rrT 1pσppqss for all j´ kď pď j, and

(ii) the diagrams t1| . . . |tpj|...|j´kq| . . . |tn and t11| . . . |t1pj|...|j´kq| . . . |t1n are isomorphic,

then T and T 1 are defined to be shift equivalent, denoted T ”S T 1. Extending ”S by

transitivity then yields an equivalence relation on T T
n for every ně 1.



An arena for static analysis: “pathways” in rewriting systems

• Let R “ tRj P LinpCqujPJ a (finite) set of rules with conditions over C, which

model the transitions of a rewriting system.

• We designate a rule E P LinpCq as modeling a “target event”, i.e. E must be the

last rule applied in the derivation traces we will study.

• Let moreover ”C be an equivalence relation on derivation traces such as abstrac-

tion or shift equivalences, or combinations thereof.

“Pathway generation” or “explanatory synthesis” problem

For the type-T rewriting system based upon the set of rules R, synthesize the

maximally compressed derivation traces ending in an application of E such

that “E cannot occur at an earlier position in a given trace”. Here, compression

refers to retaining only the smallest traces in a given ”C equivalence class,

while the last part of the statement needs to be made precise in a specific

application (as it depends on the chosen framework).
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Feature-driven Explanatory Traclet Analysis (FETA)

• ”C — conjunction of tracelet abstraction and shift equivalences ”A and ”S

• For T “ tE|tn| . . . |t1 P T T
n`1 (with tE containing the rule E, rrTpEqss – E), let

E †C T denote the following property: there exist no tracelets T 1 P T T
n`1

tE|tn| . . . |t1 ”C t1n`1|t1n| . . . |t11 with rrT 1
pkqss – E for an index k † n ` 1 .

ñ set of strongly compressed pathways :“ set of such tracelets modulo ”C

Algorithm 1: Feature-driven Explanatory Tracelet Analysis (FETA)
Data: Nmax Ø 2 Ω maximal length of tracelets to be generated
TE := T (E) Ω tracelet of length 1 associated to the rule E
T1 := {T (Rj) | j œ J} Ω set of tracelets of length 1 associated to the transitions
Result: sets Pi (i = 2, . . . , Nmax) of strongly compressed pathways
begin

P1 := {TE} Ω the only pathway of length 1;
for 2 < n Æ Nmax do

pren := {Pµ\TT |P œ Pn≠1, T œ T1 , µ œ MTT
P (T )

Ô
;

Pn := {T Õ œ pren|E ªC T Õ}�©C ;
end

end
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T1 := {T (Rj) | j œ J} Ω set of tracelets of length 1 associated to the transitions
Result: sets Pi (i = 2, . . . , Nmax) of strongly compressed pathways
begin

P1 := {TE} Ω the only pathway of length 1;
for 2 < n Æ Nmax do

pren := {Pµ\TT |P œ Pn≠1, T œ T1 , µ œ MTT
P (T )

Ô
;

Pn := {T Õ œ pren|E ªC T Õ}�©C ;
end

end



Prototypical example: a rewriting system in FinGraph

Let C “ FinGraph be the category of finite directed multigraphs. Let R “ tru be a

one-element transition set (for a rule r P LinpFinGraphq without conditions), and let

e1,e2 P LinpFinGraphq be two rules modeling alternative target events:

r “ , e1 “ , e2 “ .

If we consider DPO-type rewriting, the FETA algorithm produces the following strongly

compressed pathways for target event e1 and n • 2 (with light blue arrows indicating

the relative overlap structure within the tracelets):

Pn = {Sn} , Sn = tE | tr| . . . |tr¸ ˚˙ ˝
(n ≠ 1) times

= . . .

¸ ˚˙ ˝
(n ≠ 1) times

For the target event e2 the algorithm detects no pathways P1
n for n • 2.
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6 Tracelets and Tracelet Analysis

On In O2 I2 O1 I1

On···1 Y
(n)
n,n≠1 · · · Y

(n)
3,2 Y

(n)
2,1 In···1

rn r2 r1

‚=

M1

M

PO

2

3

PO

PO

PO

1

2

1

2 PO

3

(a) Tracelets as (minimal) derivation traces.
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(b) Tracelet generation (Definition 2.1).
M1

M

PO

2

3

PO

PO

PO

1

2

1

2 PO

3

(c) Tracelet composition (Definition 2.2).
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(d) Tracelet analysis (Section 3).

Figure 2 Schematic overview of the tracelet and tracelet analysis framework.

C possesses a strict initial object ? œ obj(C) [47] (i.e. an object such that for every
X œ obj(C), there exists a unique monomorphism ? æ X, and for every Y œ obj(C), if
there exists a morphism Z æ ?, then it is an isomorphism).
C is finitary, i.e. for every object X œ obj(C), there exist only finitely many monomor-
phisms Z æ X into X (and thus only finitely many subobjects of X).

Although especially in the DPO-type rewriting case more general settings would be
admissible while retaining compositionality of the rewriting (see [18] for further details), the
present choice covers many cases of interest, is a su�cient setting also for compositional Sesqui-
Pushout (SqPO) rewriting, and overall strikes a good balance of generality vs. simplicity.
Categories satisfying Assumption 1 have a number of properties that are of particular
importance in view of compositionality of rewriting rules (cf. Appendix A.1). A prototypical
example of a category satisfying all of the assumptions above is the finitary restriction
FinGraph of the category of directed multigraphs Graph [24].

We collect in Appendix A the necessary background material on compositional DPO- and
SqPO-type rewriting for rules with conditions, and will freely employ the standard notations
therein. The interested readers are referred to [17, 19, 16, 18] for further technical details and
explanations. Note that while we will present definitions in the following covering the case of
rules with conditions, the framework of conditions does not constitute the main focus of the
present work, even though it will likely be of considerable interest in practical applications.
We will thus predominantly defer technical details pertaining to conditions to the appendix,
and invite the readers to possibly ignore the structures pertaining to conditions in a first
reading in the interest of clarity.

A “generative” definition of tracelets as sketched in Figure 2b is then provided as follows.

I Definition 2.1 (Tracelets). Let T œ {DPO,SqPO} be the type of rewriting, and let Lin(C)
denote the set of linear rules with conditions over C (cf. Definition A.9).
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ú Stephen Lack and Paweł Sobociński. “Adhesive and quasiadhesive categories”. In:
RAIRO-Theoretical Informatics and Applications 39.3 (2005), pp. 511–545.


